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overview

1. Introduction to Spectral analysis of time series

2. Extension to spatial data  

3. Applications to functional regression for spatial data
• Functional regression models for spatial data

• Estimation on the frequency domain

• Asymptotic properties

• Applications to NTT Docomo human mobility survey



Spectral analysis of stationary time series

𝑓 𝜔 = 2𝜋 −1 

𝑘=−∞

∞
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log 𝐿 𝜃 =

𝑘

log 𝑓 𝜔𝑘; 𝜃 +
෨𝑋 𝜔𝑘

2

𝑓 𝜔𝑘; 𝜃

Time domain Frequency domain



Example: sunspot numbers
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Extension to spatial point data

𝑓 𝜔 = 2𝜋 −2 න

𝑅2

𝛾 𝑢 𝑒𝑖𝑢
′𝜔𝑑𝑢, 𝜔 ∈ 𝑅2𝛾 𝑢 = 𝐶𝑜𝑣 𝑋 𝑠 , 𝑋 𝑠 − 𝑢 , 𝑢 ∈ 𝑅2

𝑋 𝑠 , 𝑠 ∈ 𝐷

log 𝐿 𝜃 = log Σ 𝜃 + 𝑋′Σ 𝜃 −1𝑋

෨𝑋𝑁 𝜔𝑘 =
1

𝑁


𝑗=1

𝑁

𝑋 𝑠𝑗 𝑒−𝑖𝜔𝑘
′ 𝑠𝑗𝑋 𝑠𝑗 , 𝑠𝑗 ∈ 𝐷

෨𝑋 𝜔 = න
𝐷

𝑋 𝑠 𝑒−𝑖𝜔
′𝑠𝑑𝑠

log 𝐿 𝜃 =

𝑘

log 𝑓 𝜔𝑘; 𝜃 +
෨𝑋𝑁 𝜔𝑘
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Regression models

log(𝑤𝑎𝑔𝑒) = 5.49 + 0.075𝑒𝑑𝑢𝑐 + 0.015𝑒𝑥𝑝𝑒𝑟 + 0.013𝑡𝑒𝑛𝑢𝑟𝑒
(0.11)  (0.0065)      (0.0034)         (0.0026)

𝑛 = 935, 𝑅2 = 0.155



Autoregression

𝑋𝑡 = 24.3 + 1.38𝑋𝑡−1 − 0.69𝑋𝑡−2 + 𝑢𝑡
(2.41)  (0.041)     (0.041)

𝑛 = 319, 𝑅2 = 0.828



Functional regression

For 𝑦, 𝑥 ∈ 𝐿2 𝑆 , functional data,

𝑦𝑡 = 𝛽1 𝑥𝑡1 +⋯+ 𝛽𝑞 𝑥𝑡𝑝 + 𝜀𝑡 ,

where 𝛽𝑗 ∙ , 𝜑𝑗 ∙ are bounded linear operators

Examples
𝑆 = 𝑎, 𝑏 ⊂ 𝑅, curve time series

𝑆 = 𝐷 ⊂ 𝑅2, spatio-temporal data



Stock price of TSLA and TOYOTA

Apr. 17th

Apr. 18th

TSLA 𝑦 𝑡 ∈ 𝐻 ≔ 𝐿2[9,17] TOYOTA x 𝑡 ∈ 𝐻 ≔ 𝐿2[9,17]

𝑦 𝑡 = 𝛽 𝑥 𝑡 + 𝑢(𝑡)



US ppt data

lon lat Jan./1986 Feb March April

-85.25 31.57 8.9 11.4 10.2 2.5

-87.18 34.22 2.6 6.4 8.1 1.1

-87.32 34.42 NA NA NA NA

-87.42 32.23 4.5 8.1 9.5 0.9

-86.22 34.25 NA NA NA NA

-85.95 32.95 2.6 7.5 15.9 0.9

-85.87 32.98 NA NA NA NA

-88.13 33.13 2.6 7.3 9.5 NA

-88.28 33.23 4.2 12.2 13.6 1.5

-86.5 31.32 16.3 9.3 19.3 1.8

-85.85 33.58 2.4 5.1 6.2 0.4

-87.22 34.07 NA NA NA NA

-85.83 33.27 1.2 8.3 NA 1.5

-86.27 33.83 NA NA NA NA

-86.98 34.8 NA NA NA NA

-87.48 31.17 18.2 9.8 12.7 1.7

-87.52 31.02 NA NA NA NA

-85.5 32.6 NA NA NA NA

-86.68 32.47 NA 8.8 18.3 1.1

-87.35 33.45 4.9 6.5 6.2 2.1

-87.78 30.88 NA NA NA NA

US precipitation data 
𝑦 𝑠 ∈ 𝐿2(𝐷)

Jan Feb Mar Apr

NA NA NA NA

14.4 18.7 21.2 26.7

NA NA NA NA

13 16.9 20.8 NA

NA NA 21.8 27

12.6 16.5 20.3 24.9

13.6 17.9 NA 25.9

13 14.3 17.8 24.4

NA NA NA NA

-2.8 2.4 4.1 8.2

NA NA NA NA

-2.9 3.5 3.6 NA

-0.3 4.1 4.8 7

-1.2 3.3 5.1 7.8

-3.9 1.2 NA 6.2

-2.4 0.9 2.6 6.4

Jan Feb Mar Apr

Temperature (min)
𝑥2(𝑠) ∈ 𝐿2 𝐷

Temperature (max)
𝑥1(𝑠) ∈ 𝐿2(𝐷)

Func. regression: 𝑦 𝑠 = 𝛽1 𝑥1(𝑠) + 𝛽2 𝑥2(𝑠) + 𝑢 𝑠 ,



Covid-19 cases in Japan
Weekly new cases of covid-19

Weekly human mobility by NTT Docomo

Weekly rainfall

𝑦

𝑥1

𝑥2

NTT Docomo Mobile Statistics
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Bounded linear operator

For 𝑦 ∈ 𝐿2 𝐷 and 𝑥𝑖 ∈ 𝐿2 𝐷 , 𝑖 = 1,⋯ , 𝑝,

𝑦 = 𝛽1(𝑥1) + ⋯+ 𝛽𝑝(𝑥𝑝) + 𝑢,

Hilbert Schmidt:

𝛽 𝑥 = න𝛽 𝑠, 𝑢 𝑥 𝑢 𝑑𝑢

Convolution:

𝛽 𝑥 = න𝛽 𝑠 − 𝑢 𝑥 𝑢 𝑑𝑢 ,



Convolutional regression by CAR kernel

Ex. CAR kernel

𝛽𝑗 𝑠 =
𝑏𝑗

2𝜋𝛿𝑗
2 𝑒

−
𝑠
𝛿𝑗 , 𝑗 = 1,⋯ , 𝑝.

For 𝑦, 𝑥𝑗 ∈ 𝐿2 𝐷 ,

𝑦 = 𝛽1 𝑥1 +⋯+ 𝛽𝑝 𝑥𝑝 + 𝜀,

where 𝛽𝑗: 𝐿
2(𝐷) → 𝐿2(𝐷) such that 

𝛽𝑗 𝑥𝑗 𝑠 = න

𝐷

𝛽𝑗 𝑠 − 𝑢 𝑥𝑗 𝑢 𝑑𝑢 ,

For 𝑦𝑡 ∈ 𝐿2 𝐷 ,

𝑦𝑡 = 𝛽1 𝑦𝑡−1 +⋯+ 𝛽𝑝 𝑦𝑡−𝑝 + 𝜀𝑡 ,

where 𝛽𝑗: 𝐿
2(𝐷) → 𝐿2(𝐷) such that 

𝛽𝑗 𝑦𝑡−𝑗 𝑠 = න

𝐷

𝛽𝑗 𝑠 − 𝑢 𝑦𝑡−𝑗 𝑢 𝑑𝑢



Stationary condition for convolutional AR 

causal if 

1 −

𝑗=1

𝑝

𝜑𝑗 𝑧𝑗 ≠ 0 for 𝑧 ≤ 1.

the stationary condition is

1 −

𝑗=1

𝑝

𝑏𝑗 𝑧
𝑗 ≠ 0 for 𝑧 ≤ 1,

for CAR(1) kernel

𝜑𝑗 𝑠 =
𝑏𝑗

2𝜋𝛿𝑗
2 𝑒

−
𝑠
𝛿𝑗 .

𝑦𝑡 = 𝜑1 𝑦𝑡−1 +⋯+ 𝜑𝑝 𝑦𝑡−𝑝 + 𝜀𝑡 ,



Operator norm of CAR(1) kernel

For a Car(1) kernel:

𝛽 𝑠 =
𝑏

2𝜋𝛿2
𝑒
−

𝑠
𝛿 ,

the operator norm satisfies:
𝛽 ≤ 𝑏 ,

since, for 𝑥 𝑢 ∈ 𝐿2 𝑅2 ,

න

𝑅2

𝛽 𝑠 − 𝑢 𝑥 𝑢 𝑑𝑢

2

= ෨𝛽 𝜔 𝑥 𝜔
2

≤ න

𝑅2

𝛽 𝑠 𝑑𝑠

2

𝑥 𝑠 2.

= 𝑏 2



Summary

𝑠 ∈ 𝐷 ⊂ 𝑅2, 𝑡 = 1,2,⋯ ,

𝑦𝑡 𝑠 =

𝑗=1

𝑝

න𝜑𝑗 𝑠 − 𝑢 𝑦𝑡−𝑗 𝑢 𝑑𝑢 +

𝑗=1

𝑞

න𝛽𝑗 𝑠 − 𝑢 𝑥𝑡𝑗 𝑢 𝑑𝑢 + 𝜀𝑡 𝑠 ,

We shall consider a method to estimate parametric 
convolutional kernels:

𝜑𝑗 𝑠 = 𝜑 𝜃𝑗; 𝑠 , 𝛽𝑗 𝑠 = 𝛽 𝜃𝑗; 𝑠 .



Fourier transform of convolution

For 
𝑓 𝑠 ∈ 𝐿2 𝑅2 ,

Fourier transform is

ሚ𝑓 𝜔 = න

𝑅2

𝑒−𝑖 𝑠,𝜔 𝑓 𝑠 𝑑𝑠 , 𝜔 ∈ 𝑅2.

For 

𝑔 𝑠 = න𝑓1 𝑠 − 𝑢 𝑓2 𝑢 𝑑𝑢 , 𝑠 ∈ 𝑅2,

𝑔 𝜔 = න

𝑅2

𝑒−𝑖 𝑠,𝜔 𝑔 𝑠 𝑑𝑠 = න

𝑅2

𝑓1(𝑠 − 𝑢)𝑒−𝑖(𝑠−𝑢,𝜔)𝑑𝑠 න

𝑅2

𝑓2(𝑢)𝑒
−𝑖 𝑢,𝜔 𝑑𝑢 = ሚ𝑓1 𝜔 ሚ𝑓2 𝜔



Fourier transform of convolutional regression

𝑦 𝑠

= න

𝐷

𝛽1(𝑠 − 𝑢)𝑥1 𝑢 𝑑𝑢 +⋯+ න

𝐷

𝛽𝑝(𝑠 − 𝑢)𝑥𝑝 𝑢 𝑑𝑢

+ 𝜀 𝑠

Fourier transform:

𝑦 𝜔 = ෨𝛽1 𝜔 𝑥1 𝜔 +⋯+ ෨𝛽𝑝 𝜔 𝑥𝑝 𝜔 + ǁ𝜀 𝜔

𝑦𝑡 𝑠

= න

𝐷

𝛽1(𝑠 − 𝑢)𝑦𝑡−1 𝑢 𝑑𝑢 +⋯+ න

𝐷

𝛽𝑝(𝑠 − 𝑢)𝑦𝑡−𝑝 𝑢 𝑑𝑢

+ 𝜀𝑡 𝑠

Fourier transform:

𝑦𝑡 𝜔 = ෨𝛽1 𝜔 𝑦𝑡−1 𝜔 +⋯+ ෨𝛽𝑝 𝜔 𝑦𝑡−𝑝 𝜔 + ǁ𝜀𝑡 𝜔



Estimation

For a convolutional regression,

𝑦𝑡 𝑠 = න

𝐷

𝛽(𝜃; 𝑠 − 𝑢)𝑥𝑡 𝑢 𝑑𝑢 + 𝜀𝑡 𝑠 ,

Observations:
𝑦𝑡 𝑣𝑡𝑗 , 𝑥𝑡 𝑤𝑡𝑘 , 𝑠𝑡𝑗,𝑤𝑡𝑘 ⊂ 𝐷, 𝑗 = 1,⋯ , 𝑛𝑡1, 𝑘 = 1,⋯ , 𝑛𝑡2, 𝑡 = 1,⋯ , 𝑇

𝑦𝑡 𝑠 𝑥𝑡 𝑠

or 𝑦𝑡 𝜔 = ෨𝛽 𝜃; 𝜔 𝑥𝑡 𝜔 + ǁ𝜀𝑡 𝜔

𝐴1

𝐴2

𝐴1

𝐴2



Discrete Fourier Transform

For 𝜔𝑝 = 𝜔𝑝1, 𝜔𝑝2 , 𝑝 = 1,⋯ ,𝑁/2, let

ො𝑦𝑡 𝜔𝑝 =
1

𝑛0𝑡


𝑗=1

𝑛0𝑡

𝑦𝑡 𝑣𝑡𝑗 𝑒−𝑖𝜔𝑝
′ 𝑣𝑡𝑗 ,

ො𝑥𝑡 𝜔𝑝 =
1

𝑛1𝑡


𝑗=1

𝑛1𝑡

𝑥𝑡 𝑤𝑡𝑗 𝑒−𝑖𝜔𝑝
′𝑤𝑡𝑗 .

መ𝜃 = 𝑎𝑟𝑔𝑚𝑖𝑛 𝑄 𝜃 , 

where

𝑄 𝜃 = 

𝑡=1

𝑇



𝑝=1

𝑁/2

ො𝑦𝑡 𝜔𝑝 − ෨𝛽 𝜃;𝜔𝑝 ො𝑥𝑡 𝜔𝑝
2
,

𝜔𝑝 =
2𝜋𝑝1
𝐴1

,
2𝜋𝑝2
𝐴2

, 𝑝 = 1.⋯ ,𝑁/2

𝑁 = 𝑚𝑖𝑛 𝑛𝑗𝑡

frequency domainLSE on frequency domain:

𝑦𝑡 𝜔 = ෨𝛽 𝜃; 𝜔 𝑥𝑡 𝜔 + ǁ𝜀𝑡 𝜔



Mixed asymptotics for spatial statistics

1. time series
𝑋1, 𝑋2, ⋯ , 𝑋𝑇 , 𝑇 → ∞,

2.   spatial data



Asymptotic scheme

finite

𝑦𝑡 𝑠𝑡𝑗 , 𝑡 = 1,⋯ , 𝑇, 𝑗 = 1,⋯ ,𝑁

finite,          infinity



conditions
𝐸 𝑍𝑡(𝑠)𝑍𝑡(𝑢) = 𝛾𝑡 𝑠 − 𝑢

𝑓𝑡,𝑧𝑧 𝜔 =
𝑓𝑡,𝑦𝑦(𝜔) 𝑓𝑡,𝑦𝑥(𝜔)

𝑓𝑡,𝑥𝑦(𝜔) 𝑓𝑡,𝑥𝑥(𝜔)



consistency



Asymptotic normality



Consistent estimation for asympt. variance



US ppt data

lon lat Jan./1986 Feb March April

-85.25 31.57 8.9 11.4 10.2 2.5

-87.18 34.22 2.6 6.4 8.1 1.1

-87.32 34.42 NA NA NA NA

-87.42 32.23 4.5 8.1 9.5 0.9

-86.22 34.25 NA NA NA NA

-85.95 32.95 2.6 7.5 15.9 0.9

-85.87 32.98 NA NA NA NA

-88.13 33.13 2.6 7.3 9.5 NA

-88.28 33.23 4.2 12.2 13.6 1.5

-86.5 31.32 16.3 9.3 19.3 1.8

-85.85 33.58 2.4 5.1 6.2 0.4

-87.22 34.07 NA NA NA NA

-85.83 33.27 1.2 8.3 NA 1.5

-86.27 33.83 NA NA NA NA

-86.98 34.8 NA NA NA NA

-87.48 31.17 18.2 9.8 12.7 1.7

-87.52 31.02 NA NA NA NA

-85.5 32.6 NA NA NA NA

-86.68 32.47 NA 8.8 18.3 1.1

-87.35 33.45 4.9 6.5 6.2 2.1

-87.78 30.88 NA NA NA NA

US precipitation data 
𝑦 𝑠 ∈ 𝐿2(𝐷)

Jan Feb Mar Apr

NA NA NA NA

14.4 18.7 21.2 26.7

NA NA NA NA

13 16.9 20.8 NA

NA NA 21.8 27

12.6 16.5 20.3 24.9

13.6 17.9 NA 25.9

13 14.3 17.8 24.4

NA NA NA NA

-2.8 2.4 4.1 8.2

NA NA NA NA

-2.9 3.5 3.6 NA

-0.3 4.1 4.8 7

-1.2 3.3 5.1 7.8

-3.9 1.2 NA 6.2

-2.4 0.9 2.6 6.4

Jan Feb Mar Apr

Temperature (min)
𝑥2(𝑠) ∈ 𝐿2 𝐷

Temperature (max)
𝑥1(𝑠) ∈ 𝐿2(𝐷)

Func. regression: 𝑦 𝑠 = 𝛽1 𝑥1(𝑠) + 𝛽2 𝑥2(𝑠) + 𝑢 𝑠 ,

monthly from Jan. 1986 till Dec. 1991



Application to US precipitation data

Estimation by 60 months from Jan. 1986 till Dec. 1990.

𝑝𝑝𝑡 𝑠 = න1.87𝜑 0.502; 𝑠 − 𝑢 𝑡𝑚𝑖𝑛 𝑢 𝑑𝑢 − න1.63𝜑 0.310; 𝑠 − 𝑢 𝑡𝑚𝑎𝑥 𝑢 𝑑𝑢

𝜑 𝛿; 𝑠 =
1

2𝜋𝛿2
𝑒
−

𝑠
𝛿

(0.198)     (0.051)                                                    (0.155)  (0.027)

convolution by CAR kernel Nonp. Hilbert Schmidt

freq. spatal func. PCA

in-sample MSE 16.0 15.5 12.2

out-of-sample MSE 26.2 25.3 32.0

In-sample: Jan. 1986 - Dec. 1990. out-of-sample: Jan. –Dec.1991



Analysis of Covid-19 pandemic in Japan
Weekly new cases of covid-19

Weekly human mobility by NTT Docomo

Weekly rainfall

(weekly from Jan. 2020 till Sep. 2021)
NTT Docomo Mobile Statistics



Identified model

𝑐𝑜𝑣𝑖𝑑19𝑡 ℎ𝑚𝑜𝑏𝑖𝑙𝑡

𝑦 𝑠 =

𝑗=1

𝑝

𝑏𝑗න𝜑 𝛿𝑗; 𝑠 − 𝑢 𝑥𝑗 𝑢 𝑑𝑢 + 𝜀 𝑠

𝜑 𝛿; 𝑠 =
1

2𝜋𝛿2
𝑒
−

𝑠
𝛿

න𝑏𝑗𝜑 𝛿𝑗; 𝑠 − 𝑢 𝑥𝑗 𝑢 𝑑𝑢 → 𝑏𝑗𝑥𝑗 𝑠 𝑎𝑠 𝛿𝑗 → 0.

b se delta se

covid_{t-1} 1.18 0.015 0.13 0.0051

covid_{t-2} -0.66 0.023 0.33 0.013

hmobil_{t-1} -0.63 0.068

hmobil_{t-2} 0.69 0.074

rainfall_{t-2} -0.0071 0.0038 1.11 0.90

0.17 0.034

b se delta se

hmobil_{t-1} 0.71 0.0075 0

hmobil_{t-2} 0.26 0.0076 0

covid_{t-1} -0.0021 0.0005

covid_{t-2} 0.0065 0.00073

rainfall_t -0.0012 0.00013 0.28 0.074

0.050 0.091



Impulse response function



Conclusion 

• Intercept term

• Functional regression for spatial data

𝑦 𝑠 = න

𝐷

𝛽 𝑠 − 𝑢 𝑥 𝑢 𝑑𝑢 , convolution kernel

𝑦(𝑠) = න

𝐷

𝛽 𝑠, 𝑢 𝑥 𝑢 𝑑𝑢 , Hilbert Schmidt kernel

Usual approach of nonparametric (spline or PCA) Hilbert Schmidt 
kernels have overfitting estimation.


